Abstract. A recent result in [2] on the non-existence of Gauss-Lobatto cubature rules on the triangle is strengthened by establishing a lower bound for the number of nodes of such rules. A method of constructing Lobatto type cubature rules on the triangle is given and used to construct several examples.
Introduction
Recently in [6] , motivated by hp-finite element method, Gauss-Lobatto cubature rule on the triangle := {(x, y) : 0 ≤ x, y, x + y ≤ 1} is studied, which requires (n + 1)(n + 2)/2 nodes, with (n − 1)(n − 2)/2 nodes in the interior, n−1 nodes in each side and 1 point at each vertex, and is capable of exactly integrating polynomials of degree 2n − 1. We call such a rule strict Gauss-Lobatto. The main result of [6] shows that such rules do not exist. In this note we consider cubature rules that have nodes in both interior and boundary of the triangle, and establish a lower bound for the number of nodes, from which the non-existence of the strict Gauss-Lobatto rule follows immediately. We also study the structure of rules that attain our lower bound and give a method for constructing cubature rules of degree 2n − 1 with n − 1 nodes on each side and 1 node at each vertex. The development is based on the observation that cubature rules with nodes on the boundary can be constructed, by restricting to the class of bubble functions (functions that vanish on the boundary), from cubature rules with nodes on the interior. This leads to a bootstrapping scheme for transforming some cubature rules with interior points into higher order rules with a specific number of nodes on the boundary. Several examples are constructed to illustrate the algorithm.
Results
For n ∈ N 0 , let Π 2 n denote the space of polynomials of (total) degree n in two variables. It is known that
Let W (x, y) be a non-negative weight function on the triangle with finite moments. A cubature rule of precision s with respect to W is a finite sum that satisfies
We choose W to be the Jacobi weight W α,β,γ (x, y) = x α y β (1 − x − y) γ for α, β, γ > −1. The case α = β = γ = 0 corresponds to the constant weight. These weight functions are often considered together with the orthogonal polynomials, called Jacobi polynomials on the triangle, that are orthogonal with respect to them; see, for example, [5, p. 86] , and [1, 2] in connection with cubature rules.
For the Jacobi weight, it is known that the number of nodes N for (2.1) satisfies
This lower bound is classical for s = 2n − 2 ( [8] ) and given in [1] for s = 2n − 1, which agrees with Möller's lower bound for centrally symmetric weight functions [7] as well as [5] . A cubature rule that attains the lower bound is naturally minimal, meaning that it has the smallest number of nodes among all cubature rules of the same degree. The lower bound, however, is most likely not sharp; that is, a minimal cubature could require more points than what the lower bound indicates. Minimal cubature rules are sometimes called Gaussian cubature rules. Their construction is closely related to orthogonal polynomials of several variables. For discussion along this line, see [3, 9] and references therein. The cubature rules that we consider are of precision s and are of the form
where (x k,0 , y k,0 ) are distinct points in the interior of , (x k,1 , 0), (0, y k,2 ), and (x k,3 , 1 − x k,3 ) are distinct points on the side y = 0, x = 0, and x + y = 1 (but not on the corners) of , respectively, λ k,j > 0 and µ i > 0. Such a cubature has
nodes. The main result in [6] states that such a cubature rule does not exist if s = 2n − 1 and
which has a total number of nodes N = (n + 2)(n + 1)/2. This follows as an immediate corollary of the following theorem. 
Proof. The cubature (2.3) exactly integrates degree s polynomials of the form
where λ *
, which is a cubature rule of precision s − 3 for the weight function W α+1,β+1,γ+1 so that, by (2.2) , N 0 has to satisfy the lower bound in the inequality of (2.4). On the other hand, the cubature (2.3) exactly integrates degree s polynomials of the form
, which is a cubature rule of precision s − 2 for the weight function W α+1,β,γ+1 (x, y), so that N 0 + N 1 satisfies the lower bound in (2.2), which gives the inequality of (2.5) for i = 1. Similarly, we can derive lower bound for N 0 + N 2 and N 0 + N 3 .
One naturally asks if there is any cubature rule that attains the lower bound in the theorem. For s = 2n − 1, this asks if there is a cubature rule of precision 2n − 1 with
We expect that the answer is negative. A heuristic argument can be given as follows:
. Then the proof of the theorem shows that (2.6) is a cubature of degree 2n − 4 with n(n − 1)/2 nodes, which is known to exist only for small n. Assume that it does exist. We define a linear functional L 1 , acting on polynomials of one variable, by
where x k,0 , y k,0 and λ k,0 are as in (2.3). Applying (2.3) on polynomials of the form
. If the bilinear form were positive definite on Π 2n−3 , then (2.9) could be regarded as a quadrature rule of N 1 nodes and of degree 2n − 3 for L 1 and, consequently, N 1 ≥ n − 1 by the standard result in Gaussian quadrature rule, which is stronger than the second equation of (2.7). Thus, in order for (2.7) to hold, we would need L 1 to be indefinite on Π 2n−3 , that is, L(q 2 ) = 0 for some nonzero q ∈ Π n−1 , and we would need to require that L 1 has a quadrature rule of degree 2n − 3 with N 1 = n−1 2 nodes. A simple count of variables (the nodes and weights of the quadrature rule) and restraints (the polynomials that need to be exactly integrated) shows that this is unlikely to happen, although it still might as the equations are nonlinear. For a linear functional that defines an indefinite bilinear form, the theory of Gaussian quadrature rule breaks down since orthogonal polynomials may not exist and, even they do, they may not have real or simple zeros. In particular, we do not have a lower bound for the number of nodes of a quadrature rule for such a linear functional.
The above argument indicates that if we want the cubature rule (2.3) to have the smallest number of interior points, then the best that we can hope for will be a cubature rule of degree 2n − 1 that satisfies (2.10)
We shall call a cubature rule that attains the lower bound in (2.10) Gauss-Lobatto cubature rule. The proof of the lower bound indicates how such a cubature rule can be constructed. Let us also define linear functionals
Then we can summarize the method of construction as follows.
Algorithm. We can follow the following procedure to construct a Gauss-Lobatto cubature rule of form (2.3):
Step 1. Construct a cubature rule of degree s − 3 for W α+1,β+1,γ+1 in the form of (2.6) with all nodes in the interior of , and define (2.11)
Step 2. Construct Gaussian quadrature rules (2.9) and
with respect to the linear functional L 1 , L 2 , L 3 , which gives the nodes of the cubature rule (2.3) on the boundary of the triangle, and define
Step 3. Finally, the weight µ 0 , µ 1 , and µ 2 are determined by setting f (x, y) = 1, x, y in (2.3) and solve the resulted linear system of equations. , then the cubature rule is Gauss-Lobatto.
Proof. We need to show that the cubature rule constructed by the algorithm holds for all f ∈ Π .3) reduces to (2.9) for L 1 , which holds by our construction. The same holds for f ∈ yzΠ s−2 [y] and f ∈ xyΠ s−2 [x], whereas for f ∈ Π 2 1 , the cubature is verified by Step 3. Thus, by (2.13), the cubature rule holds for all f ∈ Π 2n−1 .
It should be pointed out that, as long as we have a cubature rule of degree 2n − 4 with all nodes in the interior of in the Step 1, regardless if it is a minimal one, the Step 2 and Step 3 could be carried out and Proposition 2.2 applies. Thus, the algorithm can be used to construct cubature rules of degree 2n − 1 in the form (2.3)
Let us comment on how the steps in the algorithm can be realized. For
Step 1, a cubature with the specification can be constructed by solving moment equations, that is, solving the system of equations formed by setting g(x, y) = x i y j for i + j ≤ s − 3 in (2.6) for x k,0 , y k,0 and λ * k,0 . There have been a number of papers based on this method, see e.g. [11] for the latest result and further references. Another approach is to use a characterization of the cubature rules that attain lower bound in (2.4), which is given in terms of common zeros of certain orthogonal polynomials and can be used to find cubature rules of lower order, see [7, 9] . Not all cubature rules obtained via either methods work for our purpose, since we require that all nodes are inside the domain.
For
Step 2, one needs to check that L 1 , L 2 , L 3 are positive linear functionals on Π 2n−3 . Once they are, the standard procedure of constructing Gaussian quadrature rules applies. In particular, we can apply the standard algorithm to generate a sequence of orthogonal polynomials up to degree n−1 with respect to L i inductively; the nodes of the Guassian quadrature rule of degree 2n − 3 for L i are the zeros of the orthogonal polynomial of degree n − 1 with respect to L i .
In the following we give several examples of Gauss-Lobatto cubature rules of degree 5 and 7 for the unit weight function. The minimal cubature rules for the degree 5 and 7 have nodes 7 and 12, respectively ( [4] ). For Gauss-Lobatto rules, the number of nodes are necessarily larger, as seen in (2.7). Example 1. There is a cubature formula of degree 5 with 12 nodes, 3 interior, 2 on each side and 1 at each corner of the triangle. To illustrate our procedure, we shall present the nodes and weights in steps.
The three interior points and weights are given in the first table. While the nodes are those of a cubature rule of degree 2 for the weight function W 1,1,1 (x, y) = xy(1− x − y), the weights are relates to those of the latter cubature rule by (2.11). These nodes are common zeros of quasi-orthogonal polynomials (see [10] for definition) of degree 2 which were found by solving the nonlinear system of equations in Theorem 4.1 of [10] . Finally, the weights µ 1 , µ 2 , µ 3 are given by
The nodes of this Lobatto cubature rule are depicted in Figure 1 . Our next two examples are Gauss-Lobatto cubature rules that are symmetric in the sense that the nodes are invariant under the symmetric group of , or the permutation of (x, y, 1 − x − y). A symmetric Gauss-Lobatto rule for the constant weight takes the form It should be mentioned that there are cubature rules of degree 2n − 1 in the form of (2.3) that have fewer than n − 1 points on each side, naturally with more interior points according to (2.5), such rules cannot be constructed directly by our algorithm. It is possible to modify the algorithm, however, since L i for such rules cannot be positive definite on Π n−1 but it must be positive definite on a subspace of Π n−1 .
Finally, let us mention that our algorithm can also be modified for constructing cubature rules of degree 2n. This means a cubature rule of degree 2n − 3 for W α+1,β+1,γ+1 in Step 1, and a quadrature for L i of degree 2n − 2 in Step 2. The quadrature of degree 2n − 2 is generated by a quasi-orthogonal polynomial of the form q n := p n +αp n−1 , where α is a free parameter which can be fixed by requiring, say, q n (1/2) = 0, which means fixing the middle point on the corresponding side of the triangle as a node of the cubature. We have tried this construction for cubature rules of degree 6 with 4 interior points, 3 on each sides and 1 at each vertex, starting with a cubature rule for W 1,1,1 of degree 3. The Lobatto type cubature rule of degree 6 that we obtained, however, has three negative weights.
